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ON THE DISTRIBUTION OF PERIODIC ORBITS
KATRIN GELFERT AND CHRISTIAN WOLF
Abstract. Let f : M → M be a C1+ε-map on a smooth Riemannian manifold
M and let Λ ⊂M be a compact f -invariant locally maximal set. In this paper
we obtain several results concerning the distribution of the periodic orbits
of f |Λ. These results are non-invertible and, in particular, non-uniformly
hyperbolic versions of well-known results by Bowen, Ruelle, and others in the
case of hyperbolic diffeomorphisms. We show that the topological pressure
Ptop(ϕ) can be computed by the values of the potential ϕ on the expanding
periodic orbits and also that every hyperbolic ergodic invariant measure is well-
approximated by expanding periodic orbits. Moreover, we prove that certain
equilibrium states are Bowen measures. Finally, we derive a large deviation
result for the periodic orbits whose time averages are apart from the space
average of a given hyperbolic invariant measure.
1. Introduction
1.1. Motivation. It is a major goal in the theory of dynamical systems to deter-
mine the mechanisms which create deterministic chaos. One key ingredient causing
chaotic behavior is the existence of a large set of hyperbolic periodic orbits. Here
the meaning of a set being large may vary depending on the circumstances. For
instance, large can mean that the periodic points are dense in phase space (which
is one condition in Devaney’s definition of a chaotic dynamical system). In a topo-
logical setting it can mean an exponential growth rate of the number of periodic
orbits. In a measure-theoretic setting it could signify that these orbits are uniformly
distributed indicating maximal entropy. The connection between the distribution
of the periodic orbits and other topological quantifiers such as entropy and topo-
logical pressure is well understood in the case of uniformly hyperbolic systems due
to pioneer work of Bowen, Ruelle, Walters, Sinai, and others. One reason for the
success when dealing with hyperbolic systems is that the existence of Markov par-
titions allows one to model the system by a shift map over a finite alphabet. We
refer to [4] for the case of hyperbolic diffeomorphisms and [9, Chapter 20] for a
collection of general results. Although the analysis of further quantifiers such as
Lyapunov exponents, fractal dimensions, or Gibbs measures depends on smooth-
ness properties of the conjugating map, this symbolic description nevertheless can
provide a powerful tool.
Beyond the realm of uniformly hyperbolic systems, symbolic descriptions (even
by means of an infinite alphabet) may fail. For particular classes of dynamical
systems a description of topological dynamical quantifiers in terms of periodic
points can nevertheless be achieved. We refer to [15], [16] and [17] for results
in this direction. In our previous work [7] we treated the case of non-uniformly
K.G. is grateful for discussions with A. Arbieto and M. Viana.
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hyperbolic diffeomorphisms. This work was inspired by the seminal work of Mis-
iurewicz and Szlenk [13] and of Katok [8] of finding horseshoes that can be used
to gradually approximate the dynamics and dynamical quantifiers “from inside”
(see also [10] for related results in the case of C1 circle maps). In the present pa-
per we continue and extend this analysis and now study a class of non-uniformly
hyperbolic (not-necessarily invertible) C1+ε-maps. We show that the topological
pressure is determined by the values of the potential on the periodic points, es-
tablish the Bowen-measure property for certain equilibrium measures, and obtain
large-deviation results for those periodic points whose time-averages differ from the
space average of a given hyperbolic measure. We shall now discuss our results in
more detail.
1.2. Statement of the results. Let f : M → M be a C1+ε map on a smooth
Riemannian manifold M , and let Λ ⊂ M be a compact locally maximal invariant
set. Let ϕ : Λ → R be a potential belonging to the class Cf (Λ,R) (see Section
3 for the precise definition). We show that for any sufficiently small α > 0 the
topological pressure Ptop(ϕ) is given by
Ptop(ϕ) = lim
ℓ→∞
lim sup
n→∞
1
n
log
 ∑
x∈EFix(fn,α,ℓ)
expSnϕ(x)
 , (1)
where EFix(fn, α, ℓ) denotes a set of fixed points of fn which have sufficiently
strong expansion properties characterized by the exponent α and the parameter ℓ
(see Theorem 1 in the text).
A second focus of our investigations is on existence and construction of equilib-
rium states (and in particular on measures of maximal entropy). Here an invariant
measure µ is said to be an equilibrium state for a continuous potential ϕ : Λ→ R if
Ptop(ϕ) = hµ(f) +
∫
Λ
ϕdµ.
For the particular case ϕ = 0, µ is called a measure of maximal entropy. Recall that
(asymptotic entropy-) expansiveness of f |Λ guarantees the upper semi-continuity of
the entropy map µ 7→ hµ(f) (see [12]) and hence implies the existence of equilibrium
states for any continuous potential. In particular, if f is a C∞-map, then the
entropy map is upper semi-continuous (see [14]). Moreover, an equilibrium state
can be obtained as a limit distribution of a convex combination of measures that
are uniformly distributed on each given periodic orbit. If f : Λ→ Λ is an expansive
homeomorphism satisfying the specification property, this construction yields a
unique equilibrium state for any Ho¨lder continuous potential ϕ (see [9, Chapter 20]).
Beyond such a setting the mere existence of equilibrium states is largely unknown.
We show that any ergodic invariant measure µ with positive entropy and positive
Lyapunov exponents is well-approximated by weighted distributions on expanding
periodic orbits (see Theorem 2). In particular, if µ is the unique equilibrium state
of a certain potential, then it is a Bowen measure (see Theorem 3), that is, µ is a
weak∗ accumulation point of the probability measures (µn)n∈N given by
µn =
1
n
n−1∑
i=1
f i∗νn, where νn =
1
Ank
∑
x∈EFix(fnk ,α,k)
δx expSnkϕ(x) (2)
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and Ank denotes the normalizing constant. We further discuss dynamical systems
that are intrinsically ergodic, for which we can verify existence of equilibrium states
of low-varying potentials. Here we are inspired by the examples in [15].
We conclude our analysis with an investigation of the distribution of periodic
orbits that are far from a given dynamical behavior. More precisely, we consider
periodic orbits whose Birkhoff averages differ from the expected value of a given
ergodic measure µ, namely,∣∣∣∣∣ limn→∞ 1n
n−1∑
k=0
ϕ(fk(x))−
∫
ϕdµ
∣∣∣∣∣ > ε.
This analysis is done by means of a rate function which measures the “distance” of a
periodic-orbit measure to the set of (generalized) equilibrium states. One particular
large deviation result (see Theorem 7) states that for an ergodic measure µ with
positive entropy and positive Lyapunov exponents and a continuous potential ϕ for
α > 0 and δ > 0 we have
lim
ℓ→∞
lim sup
n→∞
1
n
log card
{
x ∈ EFix(fn, α, ℓ) :
∣∣∣∣ 1nSnϕ(x) −
∫
Λ
ϕdµ
∣∣∣∣ ≥ δ}
≤ sup
{
ĥν(f) : ν ∈M,
∣∣∣∣∫
Λ
ϕdν −
∫
Λ
ϕdµ
∣∣∣∣ ≥ δ} , (3)
where ĥν(f) denotes the generalized entropy of ν (which is equal to hν(f) if and
only if the entropy map is upper semi-continuous).
This paper is organized as follows. In Section 2 we review some basic concepts
and results from smooth ergodic theory. Section 3 is devoted to the proof of formula
(1) showing that the topological pressure can be calculated in terms of the values
of the potential on the periodic orbits. In Section 4 we analyze how hyperbolic
measures can be approximated by expanding periodic orbits. In particular, we
obtain that certain equilibrium measures are Bowen measures. Finally, in Section
5 we derive large deviation results concerning periodic orbits whose time averages
differ from the space average of a given hyperbolic measure.
2. Notions from smooth ergodic theory
Let M be a smooth Riemannian manifold and let f : M → M be a C1+ε
map. We consider a compact locally maximal invariant set Λ ⊂ M . Here locally
maximal means that there exists an open neighborhood U ⊂ M of Λ such that
Λ =
⋂
n∈Z f
n(U). To avoid trivialities we will always assume that htop(f |Λ) > 0,
where htop denotes the topological entropy of the map. This rules out the case that
Λ is only a periodic orbit. Given x ∈ Λ and v ∈ TxM , we define the Lyapunov
exponent of v at x (with respect to f) by
λ(x, v)
def
= lim sup
n→∞
1
n
log ‖dfn(x)(v)‖ (4)
with the convention that log 0 = −∞. For each x ∈ Λ there exist a positive
integer s(x) ≤ dimM , real numbers χ1(x) < · · · < χs(x)(x), and linear spaces
{0} = E0x ⊂ · · · ⊂ E
s(x)
x = TxM such that for i = 1, . . ., s(x) we have
Eix = {v ∈ TxM : λ(x, v) ≤ χi(x)},
and λ(x, v) = χi(x) whenever v ∈ E
i
x \ E
i−1
x .
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We will count the values of the Lyapunov exponents χi(x) with their multiplic-
ities, i.e. we consider the numbers
λ1(x) ≤ · · · ≤ λdimM (x),
where λj(x) = χi(x) for each j ∈ {dimE
i−1
x + 1, · · · , dimE
i
x}.
Let M denote the set of all Borel f -invariant probability measures on Λ endowed
with the weak∗ topology. This makesM a compact convex space. Moreover, denote
byME ⊂M the subset of ergodic measures. By the Oseledets theorem, given µ ∈M
the set of Lyapunov regular points (i.e. the set of points where the limit superior
in (4) is actually a limit) has full measure and λi(·) is µ-measurable. We denote by
λi(µ)
def
=
∫
λi(x)dµ(x) (5)
the Lyapunov exponents of the measure µ. Note that if µ ∈ ME then λi(.) is
constant µ-a.e., and therefore, the corresponding value coincides with λi(µ). For
µ ∈M set
χ(µ)
def
= min
i=1,...,dimM
λi(µ) = λ1(µ).
Furthermore, we define M+ = {µ ∈M : χ(µ) > 0} and M+E = M
+ ∩ME.
We denote by Fix(f) the set of fixed points of f . Moreover, we denote by
Per(f) =
⋃
n∈N Fix(f
n) the set of periodic points of f . For x ∈ Fix(fn) we have
that λi(x) =
1
n
log |δi|, where δi are the eigenvalues of df
n(x). We say a periodic
point x is expanding if λ1(x) > 0. Let EFix(f
n) denote the fixed points of fn
which are expanding. Hence, EPer(f) =
⋃
n∈N EFix(f
n) is the set of all expanding
periodic points.
Given ℓ ∈ N and α > 0 we define
Λα,ℓ = {x ∈M : ‖(df
k(x))−1‖−1 ≥
1
ℓ
ekα and all k ∈ N}. (6)
Here ‖A−1‖−1 is minimum norm of a linear transformation A. Moreover, we say
that a compact forward invariant set K ⊂M is uniformly expanding if there exist
constants ℓ ∈ N and α > 0 such that K ⊂ Λα,ℓ. For convenience we sometimes also
refer to relative compact forward invariant sets contained in some Λα,ℓ as uniformly
expanding sets. We denote by χ(K) the largest α > 0 such that K ⊂ Λα,ℓ for some
ℓ ∈ N. It is easy to see that if x ∈ EFix(fn) then there exists ℓ = ℓ(x) ∈ N such
that for all integers k ≥ 0 and 0 ≤ i ≤ n− 1 we have
1
ℓ
ekλ1(x) ≤ ‖(dfk(f i(x)))−1‖−1. (7)
For ℓ ∈ N, 0 < α and n ∈ N we define
EFix(fn, α, ℓ) = {x ∈ EFix(fn) : ‖(df−k(f i(x)))−1‖−1 ≥
1
ℓ
ekα :
for all k ∈ N and 0 ≤ i ≤ n− 1}. (8)
It follows that, if α ≥ α′, ℓ ≤ ℓ′, then
EFix(fn, α, ℓ) ⊂ EFix(fn, α′, ℓ′) (9)
and
EPer(f) =
⋃
α>0
⋃
ℓ≥1
∞⋃
n=1
EFix(fn, α, ℓ). (10)
ON THE DISTRIBUTION OF PERIODIC ORBITS 5
We will frequently need the following construction of uniformly expanding sets. Let
α > 0 and ℓ ∈ N such that EFix(fn, α, ℓ) 6= ∅ for some n ∈ N. We define
K = Kα,ℓ =
∞⋃
n=1
EFix(fn, α, ℓ). (11)
A simple continuity argument shows that K is a uniformly expanding set. Further-
more, for every n ∈ N we have
EFix(fn) ∩K = EFix(fn, α, ℓ). (12)
Next, we introduce a version of topological pressure which is entirely determined
by the values of the potential on the expanding periodic points.
Let us first recall the classical topological pressure. Let (Λ, d) be a compact
metric space and let f : Λ → Λ be a continuous map. For n ∈ N we define a
new metric dn on Λ by dn(x, y) = maxk=0,...,n−1 d(f
k(x), fk(y)). A set of points
{xi : i ∈ I} ⊂ Λ is called (n, ε)-separated (with respect to f) if dn(xi, xj) > ε holds
for all xi, xj with xi 6= xj . Fix for all ε > 0 and all n ∈ N a maximal (with respect
to the inclusion) (n, ε)-separated set Fn(ε). The topological pressure (with respect
to f |Λ) is a mapping Ptop(f |Λ, ·) : C(Λ,R)→ R defined by
Ptop(f |Λ, ϕ) = lim
ε→0
lim sup
n→∞
1
n
log
 ∑
x∈Fn(ε)
expSnϕ(x)
 , (13)
where
Snϕ(x) =
n−1∑
k=0
ϕ(fk(x)). (14)
Recall that htop(f |Λ) = Ptop(f |Λ, 0). We simply write Ptop(ϕ) and htop(f) if there
is no confusion about f and Λ. Note that the definition of Ptop(ϕ) does not depend
on the choice of the sets Fn(ε) (see [24]). The topological pressure satisfies the
well-known variational principle, namely,
Ptop(ϕ) = sup
µ∈M
(
hµ(f) +
∫
Λ
ϕdµ
)
. (15)
Furthermore, the supremum in (15) can be replaced by the supremum taken only
over all µ ∈ME.
We now introduce a pressure which is entirely defined by the values of ϕ on the
expanding periodic points. Let ϕ ∈ C(Λ,R) and let 0 < α, ℓ ∈ N. Define
QEP(ϕ, α, ℓ, n) =
∑
x∈EFix(fn,α,ℓ)
expSnϕ(x) (16)
if EFix(fn, α, ℓ) 6= ∅ and
QEP(ϕ, α, ℓ, n) = exp
(
nmin
x∈Λ
ϕ(x)
)
(17)
otherwise. Furthermore, we define
PEP(ϕ, α, ℓ) = lim sup
n→∞
1
n
logQEP(ϕ, α, ℓ, n).
It follows from the definition that if EFix(fn, α, ℓ) 6= ∅ for some n ∈ N then this is
already true for infinitely many n ∈ N. Therefore, in the case when EFix(fn, α, ℓ) 6=
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∅ for some n ∈ N then PEP(ϕ, α, ℓ) is entirely determined by the values of ϕ on⋃
n∈N EFix(f
n, α, ℓ).
We will need the following classical result (see for example [22]).
Proposition 1. Let f : M → M be a C1+ε map and let K ⊂ M be a compact
uniformly expanding set of f . Then for every ϕ ∈ C(K,R) we have,
lim sup
n→∞
1
n
log
 ∑
x∈Fix(fn)∩K
expSnϕ(x)
 ≤ Ptop(f |K,ϕ). (18)
Furthermore, if f |K is topologically mixing then we have equality in (18), and the
limsup is in fact a limit.
3. Topological Pressure and expanding periodic points
In this section we prove a theorem which is closely related to a result by Bowen [4]
concerning the relationship between the topological pressure and the value of the
potential on the expanding periodic orbits. A related result was proved in [7] in
the context of non-uniformly hyperbolic diffeomorphisms.
In the following, f : M →M is a C1+ε map on a smooth Riemannian manifold
M and Λ ⊂ M is a compact locally maximal invariant set. Katok established the
remarkable result that every hyperbolic invariant measure of a diffeomorphism can
be in a particular sense approximated by uniformly hyperbolic horseshoes (see [9,
Theorem S.5.9] for the precise statement). We will need a version of this result in
the context of non-uniformly expanding maps (see [3] and [6]).
Proposition 2. Let µ ∈ M+E with hµ(f) > 0 and let ϕ1,. . ., ϕm ∈ C(Λ,R). Then
for every ε > 0 there exists a compact uniformly expanding set Λε ⊂ Λ such that
f |Λε is topologically conjugate to a mixing subshift of finite type and satisfies
(a) χ(Λε) > λ1(µ)− ε,
(b) htop(f |Λε) > hµ(f)− ε, and
(c) for all i = 1, ...,m and all x ∈ Λε,
lim
n→∞
∣∣∣∣∣ 1n
n−1∑
k=0
ϕi(f
k(x)) −
∫
Λ
ϕi dµ
∣∣∣∣∣ < ε. (19)
We now introduce a natural class of potentials. For ϕ ∈ C(Λ,R) set
α(ϕ)
def
= Ptop(ϕ)− sup
ν∈M
∫
Λ
ϕdν. (20)
We say that a potential ϕ belongs to Cf (Λ,R) if
(a) α(ϕ) > 0;
(b) there exist 0 < δ(ϕ) < α(ϕ) and a sequence (µn)n∈N ⊂ M
+
E such that
χ(µn) > δ(ϕ) for every n ∈ N and hµn(f) +
∫
Λ
ϕdµn → Ptop(ϕ) as n→∞.
Remark 1. (i) Note that α(ϕ) ≥ 0, and α(ϕ) > 0 if and only if ϕ has no equilibrium
state with zero entropy.
(ii) We note that if ϕ has an equilibrium measure µϕ ∈ M
+
E then we can simply
choose the constant sequence µn = µϕ in (b).
(iii) Given ρ > 0, ϕ ∈ C(Λ,R) is said to have ρ-low variation if maxx∈Λ ϕ(x) <
Ptop(ϕ) − ρ htop(f). In this case we clearly have α(ϕ) ≥ ρ htop(f), and hence
property (a) holds since, by assumption, htop(f) > 0.
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We will need the following auxiliary result.
Proposition 3. Let ϕ ∈ C(Λ,R). Then for all µ ∈ M+E and for all 0 < α < χ(µ)
we have
hµ(f) +
∫
Λ
ϕdµ ≤ lim
ℓ→∞
PEP(ϕ, α, ℓ). (21)
Proof. Let µ ∈M+E and 0 < α < χ(µ). Using the fact that on a compact uniformly
expanding set every continuous potential has at least one ergodic equilibrium state
and applying Proposition 2 implies the existence of a sequence (µn)n∈N of measures
in M+E supported on compact uniformly expanding sets Kn ⊂ Λ such that
hµ(f) +
∫
Λ
ϕdµ ≤ lim inf
n→∞
hµn(f) +
∫
Λ
ϕdµn = lim inf
n→∞
Ptop(f |Kn, ϕ), (22)
χ(µn) > α for all n ∈ N and µn → µ with respect to the weak∗ topology. Moreover,
for each n ∈ N there exist m = m(n) ∈ N such that fm|Kn is conjugate to a full
one-sided shift. For every 0 < ε < χ(µ)− α we pick n = n(ε) ∈ N such that
hµ(f) +
∫
Λ
ϕdµ− ε ≤ Ptop(f |Kn, ϕ). (23)
Moreover, by construction of the sets Kn, there exists a positive integer ℓ = ℓ(n)
such that for every periodic point x ∈ Kn and every k ∈ N we have
1
ℓ
ekα < ‖(dfk(x))−1‖−1. (24)
Therefore,
EFix(fk) ∩Kn ⊂ EFix(f
k, α, ℓ) (25)
holds for all k ∈ N. Let m ∈ N such that fm|Kn is topologically conjugate to the
full one-sided shift. Since mPtop(f |Kn, ϕ) = Ptop(f
m|Kn, Smϕ) (see [24, Theorem
9.8]), we may conclude that
hµ(f) +
∫
Λ
ϕdµ− ε ≤
1
m
Ptop(f
m|Kn, Smϕ). (26)
It now follows from Proposition 1 and an elementary calculation that
hµ(f) +
∫
Λ
ϕdµ− ε ≤ lim
k→∞
1
k
log
 ∑
z∈EFix(fk)∩Kn
expSkϕ(z)
 . (27)
Combining (25) and (27) yields
hµ(f) +
∫
Λ
ϕdµ− ε ≤ lim sup
k→∞
1
k
log
 ∑
z∈EFix(fk,α,ℓ)
expSkϕ(z)
 . (28)
Finally, since the map ℓ 7→ PEP(ϕ, α, ℓ) is non-decreasing (see (9)) the proof is
complete. 
We are now in the situation to present the main result of this section.
Theorem 1. Let f : M → M be C1+ε map, let Λ ⊂ M be a compact locally
maximal invariant set, and let ϕ ∈ Cf (Λ,R). Then for all α ∈ (0, δ(ϕ)] we have
Ptop(ϕ) = lim
ℓ→∞
lim sup
n→∞
1
n
log
 ∑
x∈EFix(fn,α,ℓ)
expSnϕ(x)
 . (29)
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Proof. Let 0 < α and ℓ ∈ N such that EFix(fn, α, ℓ) 6= ∅ for some n ∈ N. We first
observe that
PEP(ϕ, α, ℓ) ≤ sup
ν
(
hν(f) +
∫
Λ
ϕdν
)
≤ Ptop(ϕ), (30)
where the supremum is taken over all ν ∈ M+E with α ≤ χ(ν). Indeed, the right
hand side inequality in (30) is a consequence of the variational principle while the
left hand side inequality in (30) can be shown analogously as in the proof of [7,
Theorem 1] by using the uniformly expanding set K = Kα,ℓ defined in (11). To
complete the proof we shall now show that
Ptop(ϕ) ≤ lim
ℓ→∞
PEP(ϕ, α, ℓ). (31)
Let 0 < α ≤ δ(ϕ) and let ε > 0. It follows from the the definition of δ(ϕ) that there
exists µ ∈M+E with χ(µ) > δ(ϕ) ≥ α such that
Ptop(ϕ)− ε ≤ hµ(f) +
∫
Λ
ϕdµ. (32)
Moreover, by Proposition 3 we have
hµ(f) +
∫
Λ
ϕdµ ≤ lim
ℓ→∞
PEP(ϕ, α, ℓ). (33)
Since ε can be chosen arbitrary small, (32) and (33) imply (31). 
Remark 2. As mentioned before, Theorem 1 is a version of [7, Theorem 1] in
the case of a non-uniformly expanding (and in particular not necessarily invertible)
map f .
4. Asymptotic distribution of periodic points
In this section we consider a C1+ε map f : M → M and a fixed compact local
maximal invariant set Λ ⊂ M . Our goal is to generalize the concept of a Bowen
measure to the non-uniformly expanding case. Let ϕ ∈ C(Λ,R) be a fixed potential.
For n ∈ N and α > 0 we define
EFix(fn, α) = {x ∈ Fix(fn) : α ≤ λ1(x)}. (34)
Hence,
EFix(fn, α) =
⋃
ℓ∈N
EFix(fn, α, ℓ). (35)
Moreover, for En ⊂ EFix(f
n, α) we define
A(En) =
∑
x∈En
expSnϕ(x) (36)
and define measures σn(En) ∈M by
σn(En) =
1
A(En)
∑
x∈En
exp (Snϕ(x)) δx. (37)
We note that by compactness of Λ all the sets EFix(fn, α) (and therefore in par-
ticular the sets En) are finite. We say that a measure µ ∈M
+
E is well-approximated
by expanding periodic points if there exist α < λ1(µ), a subsequence (nk)k∈N, and
for all k ∈ N a set Enk ⊂ EFix(f
nk , α) such that
σnk(Enk)
weak∗
−→ µ as k →∞. (38)
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Moreover, we call µ ∈ M+E a Bowen measure for the potential ϕ (with respect to
f |Λ) if
Ptop(ϕ) = hµ(f) +
∫
Λ
ϕdµ
and if µ is well-approximated by expanding periodic points, where the weak∗ con-
vergence (38) holds for Enℓ = EFix(f
nℓ , α, ℓ) for some subsequence (nℓ)ℓ∈N. If µ
is a Bowen measure with respect to the potential ϕ ≡ 0 then we call µ a Bowen
measure for the entropy.
4.1. Well–approximated and Bowen measures. We now consider a general
C1+ε map f :M →M and a fixed compact f -invariant local maximal set Λ ⊂M .
We start by showing that hyperbolic measures are well-approximated by expanding
periodic orbits.
Theorem 2. Let f : M → M be a C1+ε map, let Λ ⊂ M be a locally maximal
invariant set and let µ ∈ M+E with hµ(f) > 0. Then µ is well-approximated by
expanding periodic points.
Proof. Let (ϕk)k∈N be a dense subset of the separable Banach space C(Λ,R). For
ν, η ∈M we define
d(ν, η) =
∞∑
i=1
∣∣∫ ϕi dν − ∫ ϕi dη∣∣
2i‖ϕi‖
.
It is well-known that d is a metric which induces the weak∗ topology on M. Let
0 < α < λ1(µ). Given k ∈ N we chose m ∈ N with 2
∑∞
i=m+1 2
−i < (1/3)2−k and
εk > 0 small enough such that
m∑
i=1
εk
2i‖ϕi‖
<
1
3
2−k. (39)
Making εk smaller if necessary we can assure that α < λ1(µ)−εk and εk < 2
−k. Let
Λk be the uniformly expanding set obtained by applying Proposition 2 to µ, ε = εk
and to the functions ϕ1, . . ., ϕm. In particular, f |Λk is topologically conjugate to
a mixing subshift of finite type, χ(Λk) > α, and htop(f |Λk) > hµ(f) − εk. Let
νk denote the unique measure of maximal entropy of f |Λk. Applying the Birkhoff
ergodic theorem to (19) and using the definition of m and εk we conclude that
d(νk, µ) <
2
32
−k. It is well-known that νk is a Bowen measure for f |Λk. Thus, we
can chose nk ∈ N such that
d(σnk(Fix(f
nk) ∩ Λk), νk) <
1
3
2−k.
Defining Enk = Fix(f
nk) ∩ Λk we obtain that d(σnk(Enk), µ) < 2
−k. Moreover,
by defining the nk successively we can assure that nk < nk+1 for all k ∈ N. This
completes the proof. 
We will need the following result, which is typically shown by using the Mis-
iurewicz argument when proving the variational principle (see, for example, [20,
Section 2.4]).
Lemma 1. Let f : M → M be a C1+ε map, let Λ ⊂ M be a locally maximal
invariant set, and let ϕ ∈ C(Λ,R). For n ∈ N let En be a sequence of maximal
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(n, ε)-separated sets in Λ, and define the measures
νn = σn(En), µn =
1
n
n−1∑
i=1
f i∗νn.
Then there exists a weak∗ accumulation point µ of the measures (µn)n∈N such that
lim sup
n→∞
1
n
log
∑
x∈En
expSnϕ(x) ≤ hµ(f) +
∫
Λ
ϕdµ. (40)
The next result shows the Bowen measure property for a large class of non-
uniformly expanding equilibrium states.
Theorem 3. Let f : M →M be a C1+ε map and let Λ ⊂M be a locally maximal
invariant set such that the entropy map ν 7→ hν(f) is upper semi-continuous on M.
Assume that µ ∈M+E is the unique equilibrium state of a potential ϕ ∈ C(Λ,R) and
that hµ(f) > 0. Then µ is a Bowen measure with respect to ϕ.
Proof. We first notice that since µ is the unique equilibrium state of the potential
ϕ, µ ∈ M+E, and hµ(f) > 0, it follows that ϕ ∈ C
f (Λ,R). Let δ(ϕ) be as in the
definition of Cf (Λ,R) and let α ∈ (0, δ(ϕ)]. For ℓ ∈ N we define
pℓ = lim sup
n→∞
1
n
log
 ∑
x∈EFix(fn,α,ℓ)
expSnϕ(x)
 . (41)
Therefore, (29) implies that
hµ(f) +
∫
Λ
ϕdµ = Ptop(ϕ) = lim
ℓ→∞
pℓ. (42)
Given ℓ ∈ N letK = Kα,ℓ be the uniformly expanding set defined in (11). Therefore,
for all n ∈ N with EFix(fn, α, ℓ) 6= ∅ we have EFix(fn) ∩ K = EFix(fn, α, ℓ),
see (12). It follows that f |K is expansive with some expansivity constant ε = εℓ > 0.
Note that En
def
= EFix(fn, α, ℓ) is an (n, ε) separated set. Since M is compact (also
using (41) and (42)) there exist µℓ ∈ M and a subsequence (nk)k∈N such that
limk→∞ σnk(Enk) = µℓ and
pℓ = lim
k→∞
1
nk
log
 ∑
x∈En
k
expSnkϕ(x)
 . (43)
Hence, by (40),
pℓ ≤ hµℓ(f) +
∫
Λ
ϕdµℓ. (44)
We now pick nℓ ∈ {nk : k ∈ N} such that
d(σnℓ(Enℓ), µℓ) < 2
−ℓ. (45)
Moreover, by defining nℓ successively we can assure that nℓ < nℓ+1 for all ℓ ∈ N.
It follows from (42), (44), and the variational principle that
lim
ℓ→∞
hµℓ(f) +
∫
Λ
ϕdµℓ = Ptop(ϕ). (46)
Let ν ∈ M be any weak∗ accumulation point of the sequence of measures (µℓ)ℓ∈N.
Then, the upper semi-continuity of the entropy map implies hν(f) +
∫
ϕdν =
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Ptop(ϕ). Using that µ is the unique equilibrium state of ϕ we may conclude that
ν = µ. In particular, µℓ → µ as ℓ→∞. Finally, (45) yields limℓ→∞ σnℓ(Enℓ) = µ,
which completes the proof. 
Remark 3. We note that in the proof of Theorem 3 we do not really need upper
semi-continuity of the entropy map at every µ ∈ M. Indeed, one can easily verify
that Theorem 3 remains true if the entropy map is upper semi-continuous at all
measures ν ∈ M which can be approximated by a sequence of measures (νn)n∈N
such that hνn(f) +
∫
Λ ϕdνn converges to Ptop(ϕ). We will explore this further in
the next section.
4.2. Expansive maps. In addition to the assumptions in Theorem 3 we now as-
sume that f is expansive on Λ. In this case our methods even provide a stronger
approximation property by expanding periodic points.
Theorem 4. Let f : M → M be a C1+ε map and let Λ ⊂ M be a locally maxi-
mal invariant set such that f |Λ is expansive. Assume that µ ∈ M+E is the unique
equilibrium state of a potential ϕ ∈ C(Λ,R) and that hµ(f) > 0. Then for all
0 < α ≤ δ(ϕ) we have
lim
n→∞
σn(EFix(f
n, α)) = µ. (47)
Proof. We use the fact that expansivity implies that the entropy map is upper semi-
continuous (see [24]). Therefore, the proof can be done along the lines of the proof
of Theorem 3. There are only two differences. First we do not have to consider a
fixed ℓ when looking at periodic points in EFix(fn, α) since EFix(fn, α) is already
a (n, ε)-separated set if ε is an expansivity constant for f |Λ. Second, if ν ∈M is any
accumulation point of the sequence of measures (σn(EFix(f
n, α)))n∈N, then by a
similar argument as in the proof of Theorem 3 we obtain hν(f)+
∫
Λ
ϕdν = Ptop(ϕ),
which implies ν = µ, and we can conclude that σn(EFix(f
n, α)) converges to the
measure µ as n→∞. 
Example 1. Let f : C→ C be a rational map on the Riemann sphere with degree
d ≥ 2. Let J ⊂ C denote the Julia set of f . We refer to the overview article [23] for
more details concerning the ergodic theory of f |J . Suppose f is parabolic, that is,
the Julia set J does not contain critical points but contains at least one parabolic
point. In this case f |J is expansive but not uniformly hyperbolic. It follows that
with ϕt(z) = −t log |f
′(z)| and t ∈ [0, dimH J) the assumptions of Theorem 4 are
satisfied for the potential ϕt. Thus (47) holds for the corresponding equilibrium
state µt. Another interesting class of rational maps are the so-called topological
Collet-Eckmann maps [21]. For these maps every equilibrium state is hyperbolic
(in fact even every invariant measure is hyperbolic) and we obtain again a large
class of equilibrium states which are Bowen measures.
Remark 4. The proofs of Theorems 3 and 4 crucially rely on the fact that the
topological pressure can be computed by evaluating the potential on the hyperbolic
periodic orbits (see Theorem 1). We recently proved an analogous statement in
the case of non-uniformly hyperbolic diffeomorphisms and a rather general class of
potentials (see [7] for details). Therefore, by using similar methods as in this paper,
we are able to prove versions of Theorems 3 and 4 in the case of non-uniformly
hyperbolic diffeomorphisms.
Bedford et al. showed in [2] that the unique measure of maximal entropy of a
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complex He´non map is a Bowen measure. This is a version of our results, in
particular, since in this case the map is smooth and hence the entropy map is
upper semi-continuous [14].
4.3. A class of non-uniformly expanding maps. Following Remark 3, we now
study a particular class of maps which have sufficiently strong expansion properties,
though they are not necessarily expansive nor uniformly expanding. In particular,
this class contains certain non-uniformly expanding maps which were studied in [15].
We first collect some preliminary results. We say a measure µ ∈ ME is f -
expanding with exponent β > 0, if for µ-almost every x we have
lim inf
n→∞
1
n
n−1∑
k=0
log ‖(df(fk(x)))−1‖−1 ≥ β.
We denote by N(f, β) the set of all f -expanding measures with exponent β. It is
not hard to see that µ ∈ M+E (i.e. χ(µ) > 0) if and only if for any 0 < β < χ(µ)
there exists n ∈ N such that µ is fn-expanding with exponent β. We note that any
other measure ν ∈ M+E satisfying χ(ν) > β is also f
k-expanding with exponent β
for some k ∈ N, but in general n and k may be different. Using this property, we
will now show that f is expansive on a rather large set of points with an expansivity
constant depending only on fn and β.
Lemma 2. Assume that f is a C1 local diffeomorphism in a neighborhood of Λ. Let
n ∈ N and β > 0. Then there exists δ = δ(n, β) > 0 such that for any µ ∈ N(fn, β)
and any 0 < ε < δ we have that{
y ∈M : d(fk(x), fk(y)) ≤ ε for all k ∈ N0
}
= {x}
for µ-almost every x ∈ Λ.
Proof. We only sketch the proof and refer to [15] for further details. The claimed
property is a consequence of the fact that for every x and every so-called hyperbolic
time nk ∈ N for x with exponent α the size of the local unstable manifolds at f
nk(x)
are uniformly bounded away from zero. Here a numberm ∈ N is called a hyperbolic
time for x with exponent α if ‖(dfk(fm(x)))−1‖−1 ≥ ekα for every 1 ≤ k ≤ m. It
is an immediate consequence of the Pliss lemma [18] that for every point x with
strictly positive Lyapunov exponents greater than α there exist infinitely many
hyperbolic times with exponent α. 
Theorem 5. Let f : M → M be a C1+ε local diffeomorphism, let Λ ⊂ M be
a locally maximal invariant set, and let ϕ ∈ C(Λ,R). Assume that there exist
ρ > 0, β > 0, and n ∈ N such that α(ϕ) > ρhtop(f) and every measure ν ∈ ME
satisfying hν(f) > ρhtop(f) is f
n-expanding with exponent β. Then there exists an
equilibrium state of the potential ϕ. Moreover, if f |Λ is topologically transitive then
µ is the unique equilibrium state of ϕ in which case µ is a Bowen measure.
Proof. Let ϕ ∈ C(Λ,R) and let ρ, β and n as in the theorem. By the variational
principle there exists a sequence (µℓ)ℓ∈N in ME with
Ptop(ϕ) = lim
ℓ→∞
hµℓ(f) +
∫
Λ
ϕdµℓ. (48)
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Let ε > 0 such that α(ϕ) − ε > ρhtop(f). Then for ℓ large enough (say ℓ ≥ N for
some N ∈ N) we obtain
hµℓ(f) ≥ Ptop(ϕ) −
∫
Λ
ϕdµℓ − ε ≥ α(ϕ) − ε > ρhtop(f). (49)
We conclude that each of the measures µℓ, ℓ ≥ N is f
n-expanding with exponent
β. Let µ ∈ M be any weak∗ accumulation point of the sequence of measures
(µℓ)ℓ∈N. Let δ = δ(n, β) be the number given by Lemma 2 and let P be some
finite partition of Λ into measurable sets of diameter less than δ, and assume that
µ(∂P) = 0. Note that by (49) and by [15, Corollary 5.3.] the partition P of Λ
into measurable sets with diameter less than δ is generating for every µℓ, ℓ ≥ N .
Therefore, hµℓ(f) = hµℓ(f,P).
We now establish the upper semi-continuity of the entropy map on the particular
set of measures {µℓ : ℓ ∈ N}. We have
hµ(f) ≥ hµ(f,P) = lim
m→∞
1
m
Hµ
(
m−1∨
k=0
f−kP
)
.
From the weak∗ convergence µℓ → µ and from µ(∂P) = 0 it follows that for every
fixed m ∈ N
1
m
Hµ
(
m−1∨
k=0
f−kP
)
= lim
ℓ→∞
1
m
Hµℓ
(
m−1∨
k=0
f−kP
)
.
Note that for every fixed ℓ ≥ N the value of 1
m
Hµℓ(
∨m−1
k=0 f
−kP) monotonically de-
creases to hµℓ(f,P) as m increases. Moreover, hµℓ(f,P) = hµℓ(f), and we conclude
hµ(f) ≥ limℓ→∞ hµℓ(f). From here we obtain that µ is an equilibrium state of ϕ.
Finally, if f |Λ is topologically transitive then by the same arguments as in [15] we
obtain that µ is the unique equilibrium state and therefore Theorem 3 implies that
µ is a Bowen measure. 
Example 2. Oliveira introduced in [15] a class of maps satisfying the hypothesis of
Theorem 5. Examples of these maps can be obtained from sufficiently small pertur-
bations of expanding maps. Consider a C1+ε local diffeomorphism f on a compact
Riemannian manifold M . Let P
def
= {B1, . . ., Bp, Bp+1, . . ., Bp+q} be a covering of
M by connected closed sets such that f |Bi is injective for each 1 ≤ i ≤ p+q, that P
is transitive, and that there exist numbers σ > q, β > 0, δ0 > 0, and γ > 0 satisfying
|det df(x)| ≥ σ for every x ∈M (volume expansion everywhere),
‖df(x)−1‖ ≤ 1+δ0 for every x ∈M (not too strong contraction everywhere),
‖df(x)−1‖ ≤ (1 + δ1)
−1 if x ∈ B1 ∪ . . . ∪Bp (some uniform expansion).
Assume further that there exists a set W ⊂ Bp+1 ∪ . . . ∪ Bp+q which contains the
set V given by
V
def
= {x ∈M : ‖df(x)−1‖ > (1 + δ1)
−1},
such that
sup
V
log |det df | < inf
M\W
log |det df |, sup
V
log |df | − inf
V
log |df | < β.
Assuming that δ0, β, and ρ > 0 are sufficiently small, it now follows from [15] that
for any continuous potential ϕ which has ρ-low variation there exists an equilibrium
state µϕ. Moreover, µϕ is unique and hence Theorem 3 implies that µϕ is a Bowen
measure.
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5. Large deviations
In this section we consider a C1+ε map f : M → M and a fixed compact f -
invariant local maximal set Λ ⊂ M . It is a consequence of Proposition 2 that for
any µ ∈M+E with hν(f) > 0, any ϕ ∈ C(Λ,R), and any given ε > 0 there exists an
expanding periodic orbit, say of period n, satisfying∣∣∣∣∣ 1n
n−1∑
k=0
ϕ(fk(x))−
∫
Λ
ϕdµ
∣∣∣∣∣ < ε.
We now are interested in the periodic orbits that do not have such an approximation
property and will derive results on the distribution of such orbits. This can be
interpreted as a level-2 large deviation analysis.
In order to formalize our large deviation results, we first introduce a rate function.
Closely related approaches can be found in [25, 19]. Let P(Λ) be the space of all
Borel probability measures on Λ endowed with the topology of weak∗ convergence.
Given ϕ ∈ C(Λ,R), we define Qϕ : C(Λ,R)→ R by
Qϕ(ψ) = Ptop(ϕ + ψ)− Ptop(ϕ).
We note that Qϕ is a continuous and convex functional. Within the standard
framework of the theory of conjugating functions (see for example [1]), Qϕ can be
characterized by
Qϕ(ψ) = sup
ν∈P
(∫
Λ
ψ dν − Iϕ(ν)
)
,
where Iϕ is the convex conjugate of Qϕ defined by
Iϕ(µ) = sup
ψ∈C(Λ,R)
(∫
Λ
ψ dµ−Qϕ(ψ)
)
(50)
for all µ ∈M and Iϕ(µ) =∞ for any other signed measure µ. Since Iϕ : P→ R is a
pointwise supremum of continuous and affine functions, it is a lower semi-continuous
and convex functional.
Given ν ∈ P, we call
ĥν(f)
def
= − sup
ψ∈C(Λ,R)
(∫
Λ
ψ dν − Ptop(ψ)
)
(51)
the generalized entropy of f with respect to ν. We call µ ∈ P a generalized equi-
librium state for ϕ ∈ C(Λ,R) if Ptop(ϕ) = ĥµ(f) +
∫
Λ
ϕdµ. It follows from the
definition that
hν(f) ≤ ĥν(f) (52)
for every ν ∈ M. The choice of the above denotation is justified by the “dual
variational principle” which says that the entropy map µ 7→ hµ(f) is upper semi-
continuous at ν ∈ M if and only if hν(f) = ĥν(f) (see [24]). We clearly have
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Iϕ(µ) ≥ 0 for every µ ∈M. Moreover,
Ptop(ϕ)−
(
ĥµ(f) +
∫
Λ
ϕdµ
)
= Ptop(ϕ)−
∫
Λ
ϕdµ+ sup
ψ∈C(Λ,R)
(∫
Λ
(ψ + ϕ) dµ− Ptop(ψ + ϕ)
)
= sup
ψ∈C(Λ,R)
(∫
Λ
ψ dµ− Ptop(ψ + ϕ) + Ptop(ϕ)
)
= Iϕ(µ)
and hence that Iϕ(µ) = 0 if and only if µ is a generalized equilibrium state for ϕ.
By this property, on M the functional Iϕ can be interpreted as the “distance” of
the measure µ from the set of all generalized equilibrium states of ϕ. Moreover, if
the entropy map is upper semi-continuous at µ ∈M then
Iϕ(µ) = Ptop(ϕ) −
(
hµ(f) +
∫
Λ
ϕdµ
)
. (53)
We notice that in the case that νϕ is an equilibrium Gibbs measure of a potential
ϕ, Iϕ(µ) is the relative entropy of µ ∈ M given νϕ, and Iϕ(µ) = 0 if and only if
µ = νϕ.
First we derive a more general large deviation result in the context of continuous
maps on compact metric spaces. We refer to the work of Pollicott [19] for a related
result in the context of uniformly hyperbolic flows. For a given x ∈ Fix(fn) we use
the notation ωx
def
= 1
n
(
δx + . . .+ δfn−1(x)
)
.
Theorem 6. Let f : X → X be a continuous map on a compact metric space X
with htop(f) < ∞. Let Z ⊂ X be compact such that f |Z is expansive and let
ϕ ∈ C(X,R). Then for any compact set K ⊂ M of Borel f -invariant probability
measures on X we have
lim sup
n→∞
1
n
log
∑
x∈Fix(fn)∩Z,ωx∈K
expSnϕ(x) ≤ Ptop(ϕ)− inf
ν∈K
Iϕ(ν). (54)
Proof. Let δ be an expansivity constant for f |Z. Consider x, y ∈ Z with fn(x) = x
and fn(y) = y satisfying d(fk(x), fk(y)) ≤ δ for every 0 ≤ k ≤ n−1. It follows that
d(fk(x), fk(y)) ≤ δ for all k ∈ N, and hence x = y. Therefore, the set Fix(fn) ∩ Z
is (n, δ)-separated, and thus there exists a maximal (n, δ)-separated set Fn(δ) (with
respect to f on X) with card (Fix(fn) ∩ Z) ≤ card (Fn(δ) ∩ Z) <∞. This implies
lim sup
n→∞
1
n
log
∑
x∈Fix(fn)∩Z
expSnϕ(x) ≤ Ptop(ϕ). (55)
Let ρ
def
= infν∈K Iϕ(ν). Fix ε > 0. Given ν ∈ K, by definition (50) we have
ρ ≤ sup
ψ∈C(X,R)
(∫
X
ψ dν −Qϕ(ψ)
)
. (56)
Hence there exists ψ = ψ(ν, ε) ∈ C(X,R) such that ρ−ε <
∫
X
ψ dν−Qϕ(ψ). Thus,
we obtain that
K ⊂
⋃
ψ∈C(X,R)
{
ν ∈M :
∫
X
ψ dν −Qϕ(ψ) > ρ− ε
}
. (57)
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By compactness of K there exists a finite cover U1, . . ., UN of K determined by
functions ψ1, . . ., ψN ∈ C(X,R) by
Ui
def
=
{
ν ∈M :
∫
X
ψi dν −Qϕ(ψi)− ρ+ ε > 0
}
. (58)
We now can conclude that∑
x∈Fix(fn)∩Z,ωx∈K
expSnϕ(x)
≤
N∑
i=1
∑
x∈Fix(fn)∩Z,ωx∈Ui
expSnϕ(x)
≤
N∑
i=1
∑
x∈Fix(fn)∩Z,ωx∈Ui
expSnϕ(x) · exp
[
n
(∫
X
ψi dωx −Qϕ(ψi)− ρ+ ε
)]
≤
N∑
i=1
exp[−n(Qϕ(ψi) + ρ− ε)]
∑
x∈Fix(fn)∩Z
expSn(ϕ+ ψi)(x).
From (55) we derive that
lim sup
n→∞
1
n
log
∑
x∈Fix(fn)∩Z,ωx∈K
expSnϕ(x)
≤ max
1≤i≤N
{−Qϕ(ψi)− ρ+ ε+ Ptop(ϕ+ ψi)}
= Ptop(ϕ)− ρ+ ε.
(59)
Since ε > 0 was arbitrary, the statement is proved. 
As an application of Theorem 6 we finally derive a large deviation result.
Theorem 7. Let f : M →M be a C1+ε map and let Λ ⊂M be a locally maximal
invariant set. Let µ ∈ M+E with hµ(f) > 0 and ϕ ∈ C(Λ,R). Then for all α > 0
and δ > 0 we have
lim
ℓ→∞
lim sup
n→∞
1
n
log card
{
x ∈ EFix(fn, α, ℓ) :
∣∣∣∣ 1nSnϕ(x) −
∫
Λ
ϕdµ
∣∣∣∣ ≥ δ}
≤ sup
{
ĥν(f) : ν ∈M,
∣∣∣∣∫
Λ
ϕdν −
∫
Λ
ϕdµ
∣∣∣∣ ≥ δ} . (60)
Proof. Let K =
{
ν ∈M :
∣∣∫
Λ
ϕdν −
∫
Λ
ϕdµ
∣∣ ≥ δ}. Note that, by definition we
have
htop(f)− inf
ν∈K
I0(ν) = htop(f)− sup
ψ∈C(Λ,R)
(∫
Λ
ψ dν − Ptop(ψ) + htop(f)
)
= ĥν(f).
The proof follows now from an application of Theorem 6 with Z = Kα,ℓ. 
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